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Electron interaction with confined acoustic phonons in quantum wires
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We have studied the effect of an external magnetic field on electron-acoustic phonon scattering in rectangular quantum wires taking into account both electron and phonon confinement. A magnetic field has two
major effects: ~i! it dramatically quenches ~by several orders of magnitude! intrasubband scattering due to
acoustic phonons in hybrid ‘‘width’’ and ‘‘thickness’’ modes, and ~ii! it increases electron interaction with
evanescent hybrid surface modes that peak at the wire edges. A simple intuitive picture to elucidate the origin
of these effects is presented.
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I. INTRODUCTION

Electron-phonon interaction in quantum wires has been
studied by a number of researchers in the past.1–13 References 4–10 studied the effect of an external magnetic field
on electron scattering rates assuming bulk ~unconfined!
acoustic phonons, while Refs. 11–13 accounted for the confined nature of acoustic phonons but omitted any effects of a
magnetic field. In this paper, we report the first study of
electron-phonon interaction taking into account both the effects of an external magnetic field and phonon confinement.
Phonon confinement is expected to be important whenever the transverse dimensions of a quantum wire are smaller
than the phonon coherence length. It increases electronphonon scattering rates by several orders of magnitude,11–13
and in the presence of a magnetic field, it assumes an added
importance. The scattering rate depends primarily on two
quantities; the joint electron-phonon density of states, and
the interaction matrix element, which is determined by the
overlap between three scalars: the wave function of the electron’s initial state, the wave function of the final state, and
the phonon’s normal mode. Both quantities are influenced
strongly by a magnetic field when phonon confinement effects are present. First, confinement causes significant nonlinearities in the dispersion relations of acoustic-phonon
modes and modifies the phonon density of states. The electron density of states ~in magnetoelectric subbands! is also
strongly influenced by the magnetic field.14 As a result, the
joint density of electron-phonon states, which determines the
scattering rate, can be modulated by the magnetic field. Second, and perhaps more importantly, a magnetic field skews
the wave functions of a traveling electron state towards one
edge of the wire ~‘‘edge states’’!. This significantly alters the
overlap between the electron’s initial and final states’ wave
function and the phonon mode. Obviously, the overlap with
surface phonon modes is increased and this increases the
surface phonon mediated scattering. Additionally, the wave
function of an electron in the mth subband is no longer orthogonal to the nth phonon mode for mÞn. As a result
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many new scattering channels are opened corresponding to
mÞn, which were previously forbidden. Third, and most
important, there is an effect that strongly influences electronphonon scattering in relatively wide wires. If the wire width
is much larger than the magnetic length A\/qB ~q is electronic charge and B is the magnetic flux density!, then oppositely traveling electron states in a quantum wire are
skewed towards opposite edges of the wire by a magnetic
field. As a result, the overlap between their wave functions
decreases and the probability of ‘‘backscattering’’ ~scattering
between oppositely traveling states! is reduced. This was
predicted before6 in the context of electron interaction with
bulk acoustic modes. We found that intrasubband backscattering rates can be suppressed by four orders of magnitude in GaAs wires with widths ;400 Å at a magnetic flux
density of 10 T. Since backscattering is usually the dominant
interaction with acoustic phonons, its suppression decreases
the total electron-phonon scattering rate at low temperatures.
This is an important result since the quenching of backscattering in a magnetic field is an important ingredient in
the Büttiker picture of the integral quantum Hall effect.15
The paper is organized as follows. In the next section we
describe the calculation of electron eigenstates in a quantum
wire subjected to an external magnetic field. We compute the
wave functions, the dispersion relations and the density of
states ~at a given energy! in various magnetoelectric subbands. This is an exact and rigorous treatment. In Sec. III, we
derive the acoustic-phonon eigenmodes in a quantum wire
assuming that a magnetic field does not affect phonons. The
normal modes of acoustic phonons are dilatational ~or compressional!, flexural, torsional and shear.13 These modes have
been calculated recently13 using a so-called xyz algorithm.16
To simplify the calculation, we have employed Morse’s
ansatz,17,18 which allows us to combine approximately all
these modes into two hybrid modes: ‘‘width’’ modes and
‘‘thickness’’ modes corresponding to the width and the
thickness of the quantum wire ~these are not true ‘‘normal
modes’’ of the system, however!. Even though this approach
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consider electron-phonon interaction in a magnetic field and
calculate the relevant scattering rates. Conclusions are presented in Sec. V.
II. ELECTRON EIGENSTATES
IN MAGNETOELECTRONIC SUBBANDS

FIG. 1. A rectangular electron waveguide ~quantum wire! subjected to a magnetic field along x axis. The width of the wire is
much larger than the thickness.

misses the edge modes of Ref. 13, it is not a serious deficiency since edge modes are not very important for electronphonon interaction. Since the electron wave function always
decays at the edges of the quantum wire, the matrix element
for electron interaction with edge phonon modes is negligibly small. We point out that in spite of using Morse’s ansatz,
which was used by Refs. 11 and 12, we have found many
new branches in the phonon spectra that Refs. 11 and 12
missed because they assumed particular forms of the solutions for the lattice displacements. We make no a priori assumption about the forms and solve the secular equations for
the displacements exactly. This reveals the existence of new
branches in the dispersion relations. Finally, in Sec. IV, we

We consider a quantum wire as shown in Fig. 1 with a
constant magnetic field directed along the x direction. The
thickness along this x direction is so small that only the
lowest transverse subband in this direction will be occupied
under all circumstances. This restriction, coupled with the
fact that the x-directed magnetic field does not affect the x
component of the electron wave function, allows us to drop
the x component from further consideration ~we assume that
the x component of the electron wave function is always the
lowest particle-in-a-box state!. The time-independent Schrödinger equation describing our system is given by
@~ p2eA!# 2
c ~ z,y ! 1V ~ y ! c ~ z,y ! 5E c ~ z,y ! ,
2m *

~1!

where V(y) is the confining potential in the y direction and
A is the magnetic vector potential. We neglect spin effects
and assume hard-wall boundary conditions on V(y). For a
Landau gauge
A5 ~ 0,0,2By ! ,

~2!

where B is the magnetic flux density, the solution for the
wave function is

FIG. 2. Electron wave functions and dispersion relations in a GaAs quantum wire subjected to a magnetic field of 10 T. ~a! Wave
functions of electrons in the first and the third subbands with wave vector k z 573106 cm21 skewed by a magnetic field. ~b! Dispersion
relations for the first and the third subbands. ~c! Wave functions of oppositely moving electrons in the first subband with k z 567
3106 cm21. ~d! Dispersion relation for the first subband and schematic elastic scattering process between two states.
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c ~ z,y ! 5e ik z z f n ~ y ! ,

~3!

where k z is the electron wave vector along the wire’s length,
and f n (y) is the y component of the wave function for the
state with wave vector k z in the nth magnetoelectric subband.
It obeys the equation

SD

] 2 f ~ y ! 2m *
y
1 2 Ef~ y !2 2
]y2
\
l
12

2

f~ y !

y
k f ~ y ! 2k 2 f ~ y ! 50
l2

~4!

with boundary conditions

f ~ 2d ! 5 f ~ d ! 50.

Here l is the magnetic length. This equation is solved numerically following the prescription of Ref. 14 to yield the
wave functions, energy dispersion relations, and density of
states in hybrid magnetoelectric subbands. Some examples
are shown in Fig. 2.

The derivation of confined acoustic phonon eigenmode
was reported in Refs. 11–13, 17, and 18. In this paper we
employ the approximate technique of Refs. 11, 12, 17 and
18, but unlike them, do not assume a priori any particular
form of the solutions for the ionic displacements.
The elasticity equation can be written as11,12,17,18

] 2u
5s 2t “ 2 u1 ~ s 2l 2sd 2t ! “ ~ “–u! ,
]t2

D t5

S

~7!

uty5A t v t ~ g ,x ! sin~ hy ! e ixg ~ z2ct ! ,

~8!

utz5A t w t ~ g ,x ! cos~ hy ! e i g ~ z2ct ! ,

~9!

i g ~ z2ct !
uw
,
x 5A w u w ~ g ,y ! sin~ k x ! e

~10!

i g ~ z2ct !
,
uw
y 5A w v w ~ g ,y ! cos~ k x ! e

~11!

i g ~ z2ct !
uw
z 5A w w w ~ g ,y ! cos~ k x ! e

~12!

with k 50 for the principal modes. To complete the solutions, we need to find u t ( g ,x), u w ( g ,y), v t ( g ,x), v w ( g ,y),
w t ( g ,x), and w w ( g ,y). These are found from the secular
equations

S D S D

u t ~ g ,x !
u t ~ g ,x !
D t v t ~ g ,x ! 52 v 2n v t ~ g ,x ! ,
w t ~ g ,x !
w t ~ g ,x !

~6!

where u is the displacement vector, and s l and s t are the
speeds of longitudinal and transverse acoustic waves in bulk
media. For GaAs, s l 54.783105 cm/s and s t 53.35
3105 cm/s in the @001# direction.
We assume that the width of the wire is 2d and the thickness is 2a. The origin of the coordinates is located at the
geometric center of the cross section. The normal components of the stress tensors on free-standing surfaces must
vanish; consequently, the boundary conditions for free standing quantum wires are s x,x 5 s y,x 5 s z,x 50 at x56a and
s x,y 5 s y,y 5 s z,y 50 at y56d. To find the eigenmodes for
acoustic vibrations defined by Eqs. ~6!, we follow Morse’s
assumption of separation of variables,17,18 which allows us to
decompose the modes into ‘‘thickness’’ modes and ‘‘width’’
modes. For the former, the solutions can be expressed in the
form

utx5A t u t ~ g ,x ! cos~ hy ! e i g ~ z2ct ! ,

where g is the z-directed longitudinal-phonon wave vector
along the length of the wire, c is the phase velocity of sound,
and h5(n11/2) p /d ~n is an integer!. We will choose only
the principal mode corresponding to n50 based on Morse’s
experimental observation that this mode is dominant.17 Accordingly, h5 p /2d. For ‘‘width’’ modes, the displacements
are

~5!

III. CONFINED ACOUSTIC PHONON EIGENMODES
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]ut
50,
]x

]vt
5hu t ,
]x

~13!

]wt
52i g u t ,
]x

~14!

v w ~ g ,y !
v w ~ g ,y !
52 v 2n
,
w w ~ g ,y !
w w ~ g ,y !

S

~15!

]vw
50,
]y

~16!

and

Dw

S

D

]ww
52i g v w
]y

D

for thickness and width modes, respectively. Here v n is the
angular frequency of the nth phonon branch for a phonon
longitudinal wave vector g. The differential matrix operators
are given by

s 2l ] xx 2s 2t ~ h 2 1 g 2 !

h ~ s 2l 2s 2t ! ] x

i g ~ s 2l 2s 2t ! ] x

2h ~ s 2l 2s 2t ! ] x

s 2t ] xx 2s 2t g 2 2s 2l h 2

2i g h ~ s 2l 2s 2t !

i g ~ s 2l 2s 2t ! ] x

i g h ~ s 2l 2s 2t !

s 2t ] xx 2s 2t h 2 2s 2l g 2

D

~17!
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FIG. 3. Dispersion relations for the seven lowest width ~a! and
thickness ~b! modes of a 403500 Å GaAs quantum wire. The
dashed lines are the dispersion curves of the bulk LA and TA waves
along the @001# direction. Branches that are below the LA curve
correspond to surface waves.

and
D w5

S

s 2l ] y y 2s 2t g 2

i g ~ s 2l 2s 2t ! ] y

i g ~ s 2l 2s 2t ! ] y

s 2t ] y y 2s 2l g 2

D

.

~18!

We make no further assumptions about the form of displacements and solve the one-dimensional eigenvalue problems ~13! and ~14! and ~15! and ~16! exactly, using the numerical finite difference scheme. The solutions yield the
dispersion relations v n versus g for the 1...n phonon modes.
In Fig. 3~a! and 3~b!, we show the dispersion relations of
thickness and width modes for a GaAs quantum wire with
width5500 Å and thickness540 Å. The dashed straight
lines are the dispersion relations for bulk longitudinal and
transverse acoustic phonons. In Figs. 4~a! and 4~b! we also
show the dispersion relations for a quantum wire with cross-

FIG. 4. Dispersion relations for the seven lowest width ~a! and
thickness ~b! modes of a 28.3356.6 Å GaAs quantum wire. The
dashed lines are the dispersion curves of the bulk LA and TA waves
along the @001# direction. Again, branches below the LA curve
correspond to surface waves.

sectional dimensions 28.3356.6 Å for comparison with
Refs. 11 and 12, which used these dimensions. The comparison reveals many new branches that were not found in Refs.
11 and 12. They were obviously lost when certain forms
were assumed in Refs. 11 and 12 for the solutions of
u t ( g ,x), u w ( g ,y), v t ( g ,x), v w ( g ,y), w t ( g ,x), and
w w ( g ,y). One should note that u t ( g ,x), u w ( g ,y), v t ( g ,x),
v w ( g ,y), w t ( g ,x), and w w (y) combine the characters of the
normal modes: dilatational ~compressional!, flexural, torsional, and shear. That is why the thickness and width modes
are hybrid modes and not true normal modes of the system.
Finally, the amplitudes A t and A w for thickness and width
modes are found from the energy quantization condition:
A2
4ad

E E
1a

2a

dx

1d

2d

dy @ uu * 1 vv * 1ww * # 5

\
,
2M v g

~19!
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where v g is the radial frequency of the mode with wave
vector g and M is the mass of an ion.
An important insight can be gained from the generic
wave-vector relations,

H def~ g ! 5E a “–u~ r!
5E a

k 2d 1h 2 1 g 2 5 ~ v /c d ! 2 ,
k 2s 1h 2 1 g 2 5 ~ v /c s ! 2 ,

3
~20!

where k d,s is the transverse wave-vector component of dilational ~longitudinal! and shear waves, respectively. They are
related to the Lamé constants l 8 and m as
c 2d 5 ~ l 8 12 m ! / r ,

~21!

c 2s 5 m / r ,

~22!

where r is the mass density.
If a branch in the phonon spectra ~see Figs. 3 and 4!, or a
portion thereof, falls below the longitudinal-acoustic ~LA!
branch ~the slope of which is c d !, then k d becomes imaginary
for that branch. This is an evanescent mode that is localized
near the edges of the wire and is termed a ‘‘surface mode.’’
Similarly, if a branch falls below the transverse-acoustic
~TA! branch, k s is imaginary and it is also an evanescent
surface mode.
IV. CONFINED ELECTRON-CONFINED
ACOUSTIC-PHONON INTERACTION
AND SCATTERING RATES
IN A MAGNETIC FIELD

The deformation-potential interaction of an electron with
an acoustic phonon at a certain wave vector g is described by
the Hamiltonian H def( g ) given by11,12

4691

1
@ c n,m ~ g ! 1c n,m
~ 2 g !#
(
n,m

F

G

]u ]v
1 1i g w e i g z ,
]x ]y

~23!

where c n,m ( g ) and c 1
n,m (2 g ) are annihilation and creation
operators and
u~ r! 5

(

g ,n,m

1
@ c n,m ~ g ! 1c n,m
~ 2 g !# u~ x,y, g ! e i g z . ~24!

The summation is taken over all acoustic-phonon modes.
The Fermi golden rule scattering rate for an electron scattering from an energy state E n in subband n to an energy state
E 8n 8 is subband n 8 by absorbing or emitting a phonon of
longitudinal wave vector g and energy v g is given by
S ~ E n ,E 8n 8 ,6 g ,6 v g ! 5

2p
u M ~ E n ,E 8 n ! u 2 ~ N11/271/2!
\
8
3 d ~ E n 2E 8 n 8 6\ v g ! d k 8 2k,6 g ,
~25!

where the upper sign refers to absorption and the lower to
emission. The first d function represents the usual energy
conservation and the second Krönicker d represents momentum conservation along the wire axis. Here, k and k 8 are the
initial and final wave vectors of the electron along the wire
axis, N is the Bose-Einstein occupation number for acoustic
phonons, and M (E n ,E 8n 8 ) is the matrix element of Hamiltonian ~23! taken between electron envelope wave functions
A1/a f (y,k 0z )cos(px/2a) and A1/a f (y,k 0z 6 g )cos(px/2a) of
initial and final states:

~26!

Depending on the sign of g and \ v g we distinguish
among four types of scattering: forward and backward absorption and forward and backward emission. In forward
scattering, the electron momentum increases, while in backward scattering it decreases. Typically, in backward scattering, the direction of an electron’s motion will be turned
around. Therefore, this will involve scattering between initial
and final states that have opposite directions of motion. Since

a magnetic field spatially separates these two states by localizing them along opposite edges of a wire @see Fig. 2~c!#, the
matrix element for backscattering will be dramatically reduced. This can be clearly seen from Eq. ~26! in the case of
thickness modes.
For each type of scattering, the total scattering rate for an
electron initially at an energy E in the nth magnetoelectric
subband can be obtained by integrating over all possible final
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states and phonon wave vectors,
S~ En!5
5

EE
`

0

1
\

g max

0

dE 8 n 8 d g S ~ E n ,E 8 n 8 ,6 g ,6 v g !

(

E n 2E 8 n 8 6\ v g 50

D ~ E 8 n 8 , v g ! u M ~ E n ,E 8 n 8 ! u 2

3 ~ N11/271/2! ,

~27!

where D(E 8 n 8 , v g ) is the joint electron-phonon density of
states and g max is the maximum phonon wave vector ~which
will be the Debye wave vector if we neglect Umklapp processes!. In the equation above, we changed the double integration over all possible final states and the energy conserving d function by the summation over all zeros of the
function f 5E n 2E 8 n 8 6\ v g . Its inverse derivative
D(E 8 n 8 , v g ) plays the role of the one-dimensional joint
electron-phonon density of states, which is defined as
D~ E 8n8 , v g !5

(n

2p
] ~ E n 2E 8 n 8 6\ v g ! / ] g

3 u ~ E n 2E 8n 8 6\ v g ! ,

~28!

where u is the Heaviside ~unit step! function and n is the
number of phonon branches at a frequency v g . Therefore,
the behavior of the scattering rate reflects the features of both
the electron and phonon densities of states.
The same procedure can be applied for polar acoustic
phonons ~piezo-electric scattering!. The piezoelectricpotential interaction19 depends on the displacement along
wire axis only and is described by
H PZ5

qe PZ
ee 0

(

g ,n,m

1
@ c n,m ~ g ! 1c n,m
~ 2 g !# w ~ x,y, g ! e i g z ,

~29!

where e PZ is the piezoelectric constant and for GaAs, it is
0.16 C/m2 along the @100# axis.
V. RESULTS AND CONCLUSION

In Figs. 5 and 6, we plot the total scattering rate ~intrasubband plus intersubband!—associated with deformation
potential and piezoelectric interactions—versus electron energy. All scattering rates are calculated for GaAs wires with
the z axis along the @100# direction and at a lattice temperature of 77 K. In other words, we are plotting the quantity
1/t (E)5S n S(E n ) versus E after summing over all subbands
at energy E. These rates are plotted for two cases: there is no
magnetic field, and a magnetic flux density of 10 T is
present. Two features stand out. First, in Fig. 5~a!, the energy
dependence of the scattering rates is fairly constant if we
neglect the fine structures associated with peaks and valleys
in the joint density of electron-phonon states. However,
when a magnetic field of 10 T is turned on, we can easily
resolve the scattering rates associated with intrasubband transitions within the lowest magnetoelectric subband and the
intersubband transitions to the next higher subband, which
becomes accessible in energy past 25 meV. As expected, the
intrasubband transition rate decrease monotonically with energy because the joint density of states has this dependence

FIG. 5. Scattering rates vs energy for deformation-potentialinteraction in a 403500 Å GaAs quantum wire at magnetic field ~a!
0 T and ~b! 10 T. Energy is measured from the bulk conduction
band edge. The lattice temperature is 77 K.

within any magnetoelectric subband. This resolution between
subbands is lost without a magnetic field because the subband spacing is too small for a 500 Å wire. In Fig. 5~b!, as
soon as the second subband becomes accessible in energy,
the scattering rate increases rapidly and shows a divergence
associated with the singularity in the density of states at the
second subband bottom. Comparing Figs. 5~a! and 5~b!, one
can see that the magnetic field decreases the scattering rate
by four orders of magnitude just before the second subband
becomes accessible. It happens because of the previously
mentioned suppression of backscattering in a magnetic field.
This suppression becomes progressively larger at higher energies within a subband because of the following reason. The
spatial separation between the wave functions of oppositely
travelling states—which is responsible for the quenching of
backscattering—can be viewed as being caused by the Lorentz force pushing oppositely traveling electrons in opposite
directions. Since the Lorentz force is proportional to the
electron velocity, the degree of spatial separation the wave
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FIG. 6. Scattering rates vs energy dependence for piezoelectricpotential interaction in a 403500 Å GaAs quantum wire at magnetic field 0 and 10 T. The lattice temperature is 77 K.

functions and the degree of suppression of backscattering
will increase at higher electron energies. That is why the
degree of ‘‘quenching’’ increases with increasing energy
within any subband.
The same magnetic-field-induced quenching is evident in
the case of piezoelectric scattering the rates of which are
plotted in Fig. 6. Here one should note that the scattering rate
at energies above the second subband bottom actually increases slightly when a magnetic field is applied. It happens
because this rate is dominated by intersubband scattering
from the first subband to the second subband. Unlike in the
case of intrasubband scattering, backscattering is not the
dominant mechanism for intersubband scattering. Conse-
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quently, the other two effects that we mentioned in Sec. I
play a significant role. These are ~i! the opening of new
scattering channels ~electrons in the nth subband along the
width interacting with phonons in the mth width mode even
when mÞn! and ~ii! the increased interaction with surface
phonons when the electron wave functions are skewed by the
magnetic field towards the edges of the wire. Both of these
effects tend to increase the scattering rate and this is what we
observe in Fig. 6 past an energy of 25 meV.
In conclusion, we have calculated the scattering rates of
confined electrons with confined acoustic phonons in a quantum wire subjected to a magnetic field. We find that a magnetic field can drastically quench intrasubband scattering.
Obviously, this has an important bearing on the Buttiker picture of the integral quantum Hall effect, which invokes the
suppression of backscattering between edge states in a Hall
bar to explain the vanishing of longitudinal resistance and
the quantization of the Hall resistance. Furthermore, it will
result in strong negative magnetoresistance in quantum wires
whenever acoustic phonon interactions determine the resistance ~namely, at low temperatures!. Unexplained negative
magnetoresistance has recently been observed in experiments with GaAs quantum wells ~the same phenomenon can
be observed in both wires and wells! which could not be
ascribed to weak localization effects.20 These and other related phenomena21 may be associated with suppression of
acoustic-phonon scattering. Finally, such effects can find applications in magnetic-field sensors and they can be used to
enhance the mobility of electrons in quantum wires.
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